
Richness of the Mathematics
Part I

Presenter
Presentation Notes
Welcome to another training module for the Mathematical Quality of Instruction (MQI) Instrument.  This module will walk you through the dimension Richness of the Mathematics. You’ll first get to know the codes of this dimension and then you will be asked to rate some video clips and compare your ratings to those of our research group.



Richness of the Mathematics
This dimension captures the depth of the mathematics 
offered to students. Rich mathematics is focused on either: 
▫ the meaning of facts and procedures; or
▫ key mathematical practices

Presenter
Presentation Notes
This dimension captures the depth of the mathematics offered to students. The codes within this dimension are grouped into two broad categories: ones that capture the extent to which instruction focuses on the meaning of facts and procedures and ones that capture the degree to which instruction focuses on key mathematical practices. In this and in other modules, we will use the diagram shown here to explain what exactly each dimension represents. This diagram, often called the instructional triangle, presents instruction as the interactions between the teacher and the students around the content, in our case the mathematics of the lesson; notice that the teacher, the students, and the content are three vertices of the triangle. The dimension discussed in this module, richness of the mathematics, corresponds to the relationship between the teacher and the content. In this case, we are looking for the extent of meaning and the kinds of mathematical practices the teacher brings to the lesson. 



Richness of the Mathematics
Codes in Richness of the Mathematics:
• Meaning of facts and procedures: 
▫ Linking and connections 
▫ Explanations
• Mathematical practices: 
▫ Multiple procedures or solution methods
▫ Developing mathematical generalizations
▫ Mathematical language
• Overall richness of the mathematics

Presenter
Presentation Notes
The first category, meaning of facts and procedures, includes two codes: linking and connections and explanations. The second category includes three codes: multiple procedures or solution methods, developing mathematical generalizations, and mathematical language.  As with other dimensions, the richness dimension also includes an overall code. 



Richness of the Mathematics
Guiding Questions:
• Does the segment convey a sense of why facts are true, procedures 
work, or problems have been solved in a particular way? 
• Does the segment feature any mathematical practices, including 
examining and comparing solution methods, making mathematical 
generalizations, or using precise language? 

Presenter
Presentation Notes
When you rate a segment for the codes of the richness of the mathematics dimension you can look for evidence by thinking about these questions:  Does the segment convey a sense of why facts are true, procedures work, or problems have been solved in a particular way? And does the segment feature any mathematical practices, including examining and comparing solution methods, making mathematical generalizations, or using precise language?  If the answer to either of these questions is yes, it is likely that you will rate the segment with a mid or high score for one of the richness codes. Note that although we represent this dimension as the teacher-content side on the instructional triangle, we also count instances of mathematically rich student comments and even material from textbooks, as well. The teacher was likely involved in bringing about those student comments or rich materials, and your scoring should reflect their presence. 



Meaning‐Oriented Codes

• Linking and Connections 
• Explanations

Presenter
Presentation Notes
In this module, we will cover the meaning-oriented codes, which are linking and connections and explanations. 



Linking and Connections 
• Definition: This code captures explicit links and connections 
that are drawn: 
▫ among different mathematical ideas or procedures OR
▫ among different representations of mathematical ideas or 
procedures OR

▫ across representations and mathematical ideas or procedures

Presenter
Presentation Notes
Let’s begin with linking and connections. This code captures explicit links and connections that are drawn among different mathematical ideas or procedures, among different representations of mathematical ideas or procedures, or across representations and mathematical ideas or procedures.  These links may be drawn by the teacher, students, or both together. Let’s briefly consider some examples of each case. First, the teacher or the students may draw connections between two or more mathematical procedures or mathematical ideas. Here are a couple of specific examples: the class compares and contrasts linear and non-linear relationships--this would be an instance of drawing connections between two different mathematical ideas. Another example would be comparing rectangles and parallelograms and identifying rectangles as a special case of parallelograms. An example of drawing connections between different mathematical procedures would be when a class discusses the relationship between multiplication and division, and concludes that these two operations are inverse: division undoes what multiplication does.  Next, the teacher or the students may draw connections among different representations of mathematical ideas or procedures. By representations, we mean tables, graphs, drawings, stories, or manipulatives that the teacher uses to illustrate a mathematical idea or to help students understand a mathematical procedure. Notice that we’re not interested in whether the teacher simply uses such representations; rather, we’re focusing on the extent to which the teacher is drawing links between two or more representations. 



Linking and Connections 

X Y

2 5

4 10

6 15

8 20

10 25

Presenter
Presentation Notes
Here is an example: in a lesson on linear graphs, the teacher uses two representations: a graph of a line, and a table that shows a linear pattern. Up to this point, the lesson does not contain any links between representations. If the teacher or the students start drawing links between the graph and the table, for instance showing how they both illustrate a constant rate of change: for every two-unit increase in X, there is a 5-unit increase in Y; then we have an instance of links between representations.



Linking and Connections 
• Definition: This code captures explicit links and connections 
that are drawn: 
▫ among different mathematical ideas or procedures OR
▫ among different representations of mathematical ideas or 
procedures OR

▫ across representations and mathematical ideas or procedures

Presenter
Presentation Notes
Finally, the teacher or the students may draw connections between representations and mathematical ideas or procedures. An example would be when the teacher helps students see how their manipulation of base ten blocks corresponds to the procedure of trading a ten for ten units, when they do not have enough units to subtract, as in the case of 32 subtract 17. Another example would be when a teacher uses the numbers in a table to show that a particular relationship is an example of linearity. 



Linking and Connections 
• High (3)
▫ Links and connections are present with sustained, carefulwork 
characterized by one or more of the following features: 
Explicitness about how two or more ideas, procedures, or 
representations are related (e.g., pointing to specific areas of 
correspondence) 

Presenter
Presentation Notes
Now that we’ve discussed the different behaviors that are captured by the linking and connections code, let’s discuss how you rate a segment. To assign a score of high or 3, the segment should include sustained and careful work with the links and connections that are made. This typically has one or more of the following features: Explicitness about how two or more ideas, procedures, or representations are related.  



Linking and Connections: Explicitness 

Presenter
Presentation Notes
An example of explicitness would be when a class is working on multiplying two two-digit whole numbers and the teacher uses an area model to support students’ understanding of this procedure. The teacher is very explicit as to how the different parts of the area model correspond to the partial products that appear in the symbolic multiplication: Where does the multiplication of the units with the units appear in the area model and in the symbolic procedure? The units with the tens? The tens with the units? And finally the tens with the tens? 



Linking and Connections 
• High (3)
▫ Links and connections are present with sustained, carefulwork 
characterized by one or more of the following features: 
Explicitness about how two or more ideas, procedures, or 
representations are related (e.g., pointing to specific areas of 
correspondence), OR
Detail and elaboration about how two mathematical ideas, 
procedures, or representations are related to one another 
(e.g., providing information about under what conditions the 
relationship occurs; noting meta‐features; discussing 
implications of relationship)

Presenter
Presentation Notes
Second, the segment may feature detail about how two mathematical ideas, procedures, or representations are related to one another. For instance, a teacher may dwell for a few moments on the differences and similarities in proportional and linear relationships. He or she may point out that both of these describe a relation between y and x in the equation y = mx. He or she may also point out that both of these relationships can be represented by a straight-line graph, but the graphs of proportional relationships are only the lines that go through the origin. That is, both of these relationships can be represented algebraically using the form y = mx+b. Proportional relationships correspond to the special case where b=0.In these cases, the links and connections made are not superficial or brief; the teacher goes into detail and the class focuses at length on the connections. 



Linking and Connections 
• Mid (2)
▫ Links and connections are present, but do not have the features 
included in high, OR

▫ Linking and connections occur only momentarily 
• Low (1)
▫ No linking and connections occur, OR
▫ Incorrect links or connections, OR
▫ Linking and connections are completely pro forma (e.g., 
“Yesterday we added fractions with like denominators, today we 
will subtract fractions with like denominators.”)
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Presentation Notes
You can score a segment as mid or 2 in either of the following two cases: first, if the segment includes links and connections, but they do not have any of the features listed under high, which we just discussed. You can also use mid when the links and connections occur only momentarily. You can rate a segment as low or 1 in any of the following three cases. First, if instruction features no links and connections at all; second, if links and connections are attempted but are not mathematically correct; or third, if instruction features links and connections that are totally pro-forma. For example, to introduce a lesson, a teacher says that yesterday they added fractions with similar denominators and today they will subtract fractions with similar denominators. In this case, the teacher only makes a superficial connection between topics.



Explanations
• Definition: Explanations explain WHY a fact is true, a 
procedure works, or an answer to a problem is correct
• This includes giving mathematical meaning to ideas, solution 
methods, answers, steps in a procedure, etc. 
• Examples: 
▫ You can simplify 4/8 by dividing both top and bottom by 4, which 
is the same as dividing by 4/4. Because dividing by 4/4 is the 
same as dividing by 1, this does not change the value.

▫ To determine whether a number is divisible by 4, you can look at 
the last two digits. This is because every number over 100 can be 
represented as….

Presenter
Presentation Notes
Let’s now move to the second code in richness: explanations. This code captures any teacher or student articulations that explain why a mathematical fact is true, why a procedure works, or why an answer to a problem is correct. This code also captures when instruction is helping students to see the meaning of mathematical ideas or solution methods, the meaning of answers or the meaning of steps involved in a procedure. Here are some examples that fall under this code: The class is working on making equivalent fractions and the teacher tells students that they can simplify fractions by dividing the top and the bottom numbers by 4. Up to this point, the teacher’s presentation does not count as an explanation, for it simply describes the steps involved in a procedure. The teacher presentation becomes an explanation when the teacher notes that dividing both the numerator and denominator by 4 is in essence dividing by 4/4. And because dividing by 4/4 is the same is dividing by 1, dividing by 4/4 actually does not change the value of the original fraction. Let’s consider another example from a lesson on divisibility rules. At the beginning of the lesson, the teacher tells students that to determine whether a number is divisible by 4, they can simply look at the last two digits of the number: if these are divisible by 4, the whole number is divisible by four. Again, up to this point, the teacher’s articulation is not an explanation; the teacher simply states a fact. But let’s assume that then the teacher moves on to clarify that every number over 100 can be split into two addends: an addend that corresponds to the hundreds and an addend for the remaining part. For instance, the number 232 is the sum of 200 and 32. And because multiples of 100 are always divisible by 4, one only needs to examine the last two digits of the number. If the number formed by these two last digits is divisible by 4, then, the whole number is divisible by four. If the teacher clarifies that point, then his or her articulation counts as an explanation– it explains why a procedure works. 



• Distinguish from:
▫ Statements that describe “how” rather than explain “why” 
(“to simplify 4/8, first I divided 4 by the 4, then I divided 8 
by the 4, and got 1/2”). Narrations of procedures do not 
count. 

▫ Statements of fact or definitions without additional 
connections or linkages

“Rectangles have two pairs of equal sides and 4 right angles” is not 
an explanation
“All squares are rectangles”  is not an explanation
“A square is a rectangle, because a square meets the definition of a 
rectangle: it has two pairs of equal sides and 4 right angles” is an 
explanation

Explanations

Presenter
Presentation Notes
Explanations are different than several other types of mathematical statements you may see during lessons. For instance, we distinguish descriptions of “how” to do a procedure from statements that explain why the procedure works. The statement “to simplify 4/8, first I divided 4 by the 4, then I divided 8 by the 4, and got 1/2” is simply a description of the steps used to simplify 4/8, and would not count as an explanation. These descriptive statements are very common in classrooms; students and teachers narrate their way through many procedures, often without explaining why those procedures work.We also distinguish explanations from statements of facts or definitions made without additional connections or linkages. For instance the statement “Rectangles have two pairs of equal sides and 4 right angles” is simply a definition that describes the attributes of a rectangle. Similarly, the statement “all squares are rectangles” is not an explanation, whereas “A square is a rectangle, because a square meets the definition of a rectangle: it has two pairs of equal sides and 4 right angles” is a case in which the statement is justified with regard to the definition of a rectangle. As this case suggests, it is when definitions are used to explain statements – or similar situations – when definitions count as explanations. 



Once it’s an Explanation: Mid or High?

• Low (1)
▫ No explanations
▫ Incorrect explanations

• Mid (2) 
▫ Local explanations – of a specific problem

E.g., a student says “I simplified 4/8 by dividing both top 
and bottom by 4. That’s the same as dividing by 4/4 which 
equals 1, and dividing by 1 doesn’t change the value of 
4/8.” 

▫ Global explanations that are not complete or detailed

Presenter
Presentation Notes
You should rate a segment as low if it contains no explanations, or contains explanations that are substantially incorrect.  Once you determine that a segment includes one or more explanations, you’ll have to determine whether the segment should be rated as mid or high.  You should rate the segment as mid or 2 if the explanation or explanations featured in the segment are local; they correspond to a specific problem or situation. If instead the explanations are global, that is they generalize past specific problems or situations, then you should rate the segment as high or 3.  Let’s consider some examples that bring this distinction home. Let’s again turn to an example of simplifying fractions. Let’s say a student says that “I simplified 4/8 by dividing both top and bottom by 4. That’s the same as dividing by 4/4 which equals 1, so it doesn’t change the value of 4/8. ”  This explanation is local: what the student says does not generalize past the specific problem of simplifying 4/8. Explanations can also be rated as mid when they are global explanations, but they are not complete or detailed. We’ll talk about global explanations next.  



Once it’s an Explanation: Mid or High?
• High (3) 
▫ High is used for a global mathematical explanation that 
generalizes past specific problems
E.g., a student says “I simplified 4/8 by dividing both top and 
bottom by 4, which is the same as dividing by 4/4. Any time 
you divide by a fraction that is equivalent to 1, the value of the 
initial fraction does not change.”

▫ AND meets one or more of the following criteria:
They give meaning to the mathematics under study
They are detailed 

Note:  The document “Examples of Local and Global Explanations.docx” 
has additional examples and can be found under the attachments link in 
the top right corner of the player. 

Presenter
Presentation Notes
By contrast, high is used for global mathematical explanations that generalize past specific problems. For example, let’s say a student notes that dividing both the top and bottom numbers by 4 is equivalent to dividing the fraction by 4/4. The student then comments that “any time you divide by a fraction that is equivalent to 1, the value of the original fraction does not change.” Notice that this last comment does not pertain only to the fraction 4/8: it applies to all situations in which one divides by a fraction that is equivalent to 1. Because the explanation in this latter case moves beyond the specific problem at hand, the explanation is considered global and generalized, and hence, the segment containing it should be scored as high. For high, we require that the explanation give meaning to the mathematics under study or be reasonably detailed. For instance, the comment made by the student about simplifying 4/8 would count as detailed. More examples of local and global explanations can be found in the supporting document: examples of local and global explanations, which you can find under attachments in the top right corner of the player. 



Local vs. Global Explanations
• You and your friends are really hungry. You can either order 
two medium pizzas or one large pizza. What would you 
prefer? 

16 cm

8 cm

Presenter
Presentation Notes
To clarify the difference between local and global explanations, we’ll go through a local and a global explanation for the pizza problem shown here.



• Local Explanation: “Definitely the larger pizza. We know that 
the area of a circle is π times the square of the radius. So, the 
large pizza has an area of 16 × 16 × π, which is about 804 
square centimeters. The medium one has an area of 8 × 8 × π
which is about 201 square centimeters. So two mediums are  
smaller than a large. Definitely the larger pizza.”

• Global Explanation: “Definitely the larger pizza. We know that 
the area of a circle is π times the square of the radius. 
Because the radius of the larger pizza is twice as big as that of 
the medium pizza, the larger pizza is four times bigger than 
the medium pizza.”

Local vs. Global Explanations

Presenter
Presentation Notes
The local explanation compares the calculations of the areas for the two pizzas, and so the explanation is focused on this particular, local example. In comparison, the global explanation generalizes to any two pizzas that satisfy the condition that the radius of the larger pizza is double the radius of the smaller pizza. We would also count this explanation as reasonably detailed – it nicely summarizes the reason behind preferring the larger pizza. A not-detailed global explanation might be “because the radius of the bigger pizza is a lot bigger.” 



General Notes on
Meaning‐Oriented Richness Codes
• Rate segments as low when they contain substantially 
incorrect elements of richness: 
▫ Unclear or incomplete explanations
▫ Incorrect or inappropriate links between ideas
• During student work time and/or for student statements
• These are quality codes – you can assign a rating of high 
even if that aspect of instruction occurs for only a portion 
of the segment.

Presenter
Presentation Notes
Before we move on to rating some segments for the two codes we’ve discussed so far, let’s clarify a couple of points: First, if the segment includes instances of substantially incorrect explanations or links and connections, you should rate the segment as low. That is, we treat incorrect or incomplete instances of the behavior captured by these  codes as if they were non-existent.  Now if a segment contains an incorrect and a correct explanation, you should ignore the incorrect explanation and rate the segment based on the quality of the latter. In fact, any segments containing combinations of correct and incorrect elements should be rated this way. Second, evidence for these two codes can occur during student work time as well as during active instruction. Students may offer explanations or make connections while working at their seats, and the teacher might also engage in these activities while working with individuals or groups of students. Third, both the codes we’ve discussed so far—as well as the other codes in this dimension-- are what we call quality codes. That means that you can assign a rating of high even if the aspect of instruction under consideration occurs for a portion of the segment. This implies, for instance, that a 7 and a half minute segment can be rated as high for explanations if the segment includes a brief global explanation.  



Meaning‐Oriented Codes: 
Examples (Score for two codes)
• Karen: Long Division 
• Lauren: Likelihood Line
• Bianca: Integer Subtraction
• Karen: Interpreting Remainders
• Lisa: Inverse Operations 

Presenter
Presentation Notes
Now that you have gone through the meaning-oriented codes of richness, you will watch and rate five video clips.  For each clip, please assign a rating for linking and connections and a rating for explanations. You can watch the clips as many times as you feel is necessary. 



Karen: Long Division
• 3rd grade
• Teacher has split the class into two groups; one group is 
working more or less quietly on another activity
• The other group has gathered at her feet to review division

Presenter
Presentation Notes
The first clip comes from a 3rd-grade class. In the lesson this clip comes from, the teacher, who we call Karen, has split the class into two groups: one group is more or less quietly working on another activity away from the camera; the other group has gathered at her feet and is about to review long division.



Karen: Long Division: Video 

Presenter
Presentation Notes
Karen: Jacob, could you put them in the middle? We’re going to show our division as we go. We’ve been doing our division for a long time, and I don’t think we are still getting the point, why we’re doing this subtracting. Student: Can I get a ruler? Karen:	Okay, so we have seventy-two, right? Student: Yeah. Karen: If we wanted to divide seventy-two by four, what does that mean? What does that mean? Student: How many fours are in seventy-two? Karen: It means how many fours are in seventy-two, but what else does it mean? Student: Hmmm. Karen: Can I do it another way? Student: Yeah, long division. Karen:	 How can I do it? But when I am doing long division, what am I doing? I can make-what I am finding out is four groups, right? Alright, so let’s find our four groups. So, let’s see. The girls are four girls, right? Student: Yes. Karen:	 Jacob, you’re not paying attention to me. The girls are four girls. So can you divide these up among the girls, Jacob? Student: Yes. Karen: Let me see you do that without taking anything apart.  Student: I’ll try. Karen:	 One for Natalie. Timmy? Can you give them each a ten? You can’t do it can you?Student: No. Karen:	 Alright, so how many tens could you give them, Jacob? Student: One each. Karen:	 You could give them one each. That’s why we put a one in the answer spot here. I can give them one ten each, right? Student: Yes.  Karen: Okay Jacob, how many did you give away? Student: Forty. Karen: You gave away forty- That’s why we put it here. We’re going to give it away. We already know there’s one ten worth, right? Student: Yes. Karen: Okay, subtract.  Student: Two.. .and three… Karen:	 How many cubes do you have here? Student: Thirty-two. Karen:	 You have three then and two ones. Thirty-two, right? Student: Yeah. Karen:	 Jose, could pay attention for a minute? Student: Yeah. Karen:	 Thanks! Okay Jacob, how can you give those to the girls? How can you divide them up? Student: You…I can split them in half. Karen:	 You have to take them all apart, don’t you? Student: Yeah, but I… Karen:	 Okay, can I see you do that? Okay Jessica, he’ll be fine-leave him be.  You still have some more honey.  Student: I got it. Three, three, three, and …three.  Karen: Do they all have the same amount now? Student: Yes. Karen: How many do they have that are not in a tens cube? Student: Eight. Karen:	 If I believe that, then I have to believe that there are four eights in thirty-two.  Student: Yup. Karen:	 Do you believe that? Student: Yeah. Karen:	 So we put that in our answer. So we want to know how many fours are in seventy-two all together. Right? Student: Yeah… Karen:	 Jose…We put the answer up in the answer spot up in the quotient.  There you go. Now we want to know how many are gone.  So four times eight was thirty-two and there is none left, are there? Student: No. Karen:	 Anybody see any left? Student: No. Karen: None left. So we’re all finished aren’t we? Student: Yes. Karen:	 That’s how those cubes go with this problem.



How would you score this clip for:

• Linking and Connections
• Explanations

• Take a moment to write down your scores before moving on 
to our answers…

Presenter
Presentation Notes
Now that you have watched the video clip, please stop the presentation and record your thoughts and scores for each code.



Karen: Long Division: Answers
• Linking and connections: 3
▫ Sustained and careful linking of: 

cubes (representation) and dividing whole numbers (a 
mathematical procedure)
numerical symbols and cubes (linking representations)

• Explanations: 2
▫ Meaning of division for 72÷4 (local explanation)

Presenter
Presentation Notes
We rate the segment as 3 for linking and connections. This is because the segment features sustained and careful linking between the cubes and the long division computation. In this segment, the cubes show the underlying meaning of long division as the partitioning of a set into equal parts defined by the divisor. The segment also features sustained and meticulous links between the symbols involved in long division and the actions made with and on the cubes. To name a few: the teacher helps the students see that the dividend –the number 72—corresponds to the total number of cubes; the divisor corresponds to the groups into which the dividend is partitioned—in this case, the four girls; that the digit 1 in the quotient corresponds to how many tens each of the four girls can get; that the partial difference of 32 actually corresponds to the cubes that need to be divided once all the tens are distributed, and so on and so forth. At this point, you might be thinking that the links and connections could have been better or more explicit. The teacher, for instance, could have discussed how the quotient– the number 18– corresponds to the number that each of the four girls gets once all available cubes are distributed. For sure, the work featured in this clip is not perfect in terms of the links and connections that were drawn–however, on our instrument this counts as high. In fact, the links and connections featured in this clip were among the most explicit and sustained in all the lessons we’ve watched and rated. Turning to explanations: we rate this clip as mid. The segment includes an explanation: this occurs when the teacher elicits the meaning of long division. The first student who replies provides an explanation that pertains to the measurement meaning of division, that is, making groups of 4. Perhaps knowing that this interpretation is not very suitable for modeling the standard procedure, Karen then guides the students to consider the partitive meaning of division: distributing the 72 cubes into four groups. Because the explanations offered in the clip pertain to this specific problem–they do not move past this problem to clarify that each time we have a long division, the divisor corresponds to the number of groups that can be made–we consider them local, so we rate the clip as mid for explanations. If you watched the clip carefully, you will also notice that at some points Karen mixes the partitive with the measurement interpretation. The work featured in the segment is not perfect. However, we believe that it is good enough to be counted as local explanation. The difference between perfect or ideal instruction and “good enough” instruction is an important one to note. Often when raters begin watching video, they note the myriad ways that instruction is imperfect against either a pedagogical or mathematical ideal. However, as a rater you will not frequently see perfect instruction. Instead, you should be thinking about whether the segment meets our criteria for high–that is, in this case, is it “good enough” to convey the mathematical meaning of the procedure. In this case, Karen does.  



Lauren: Likelihood Line
• 4th grade 
• Lesson on probability
• The class has been talking about probability for dichotomous 
events 

Presenter
Presentation Notes
The next clip comes from a 4th grade class and is drawn from a lesson on probability. The teacher, who we call Lauren, and the students have already produced the diagram here to talk about the probability of different dichotomous events and the segment starts by using this diagram to talk further about probability. 



Lauren: Likelihood Line: Video

Presenter
Presentation Notes
T: Alrightee.  Okay.  Sometimes, people use numbers instead of words to describe the probability of an event.  In fact, that’s what mathematicians use.  They use numbers instead of words.  Okay, the number we give to an impossible event.  Something’s that impossible that can’t happen.  I’m hearing people whisper, what is it? SS: Zero. T: Zero.  Zero.  Okay, zero.  Samuel said … Samuel go ahead, you have your hand in the air. SN: Well, I think I know the rest. T: Okay, why don’t you tell me … what you’re thinking the number would be for certain. S: A hundred. T: A hundred.  A hundred what? S: Percent. T: A hundred percent.  So I heard … did you whisper zero percent when I put zero up here?  Okay. T: I’ll go ahead and write … I’ll write a hundred percent here … tell me what you’re thinking by a hundred percent.  What do you mean by a hundred percent? S: For sure.  Definite. T: Okay, so what does a hundred percent mean to you? S: It WILL happen. T: It’s definitely gonna happen.  Okay.  Good.  And mathematicians, when they’re using numbers, they refer to the number one for an event that is certain.  That it’s gonna happen.  Okay, hundred percent chance, it’s definitely gonna happen.  Okay. T:  Anybody have an idea of what we would put for equally likely.  There’s a big hint on your poster.  When we were brainstorming our vocabulary, on Friday … one of you came up with fifty-fifty for describing equally likely.  Can someone tell me what number we would put up to represent that.  Inderneil? SN: Half. T: Half.  Tell me what you’re thinking with half.   S: Like fifty is half cause a hundred percent and a hundred percent is full.  So fifty would be half of a hundred so I’m thinking like fifty-fifty means like each half is equal, so I would put half. T: Okay.  Very good.  So we’ll put half here. T: And I’ll go ahead a write fifty percent here. T: Does fifty percent and one half mean the same? SS: Yes.



How would you score this clip for:

• Linking and Connections
• Explanations

• Take a moment to write down your scores before moving on 
to our answers…

Presenter
Presentation Notes
Now that you have watched the video clip, please stop the presentation and record your thoughts and scores for each code.



Lauren: Likelihood Line: Answers
• Linking and connections: 3
▫ The whole clip is about the connections between the mathematical 
ideas of notions of likelihood and the ordering of numbers between 0 
and 1 (“the way mathematicians would name those points”). She is 
explicit in the connections between these (e.g., 1 , 100%, “for sure”, 
“it’s definitely going to happen”)

▫ Also links fractions and percents, but this aspect of instruction was not 
sustained enough to merit a 3 in this code on its own

• Explanations: 3
▫ Global explanations offered by students: 

The meaning of 100% is “for sure”; “definite”; “It will happen” 
“Like fifty is half cause a hundred percent and a hundred percent is full. 
So fifty would be half of a hundred so I’m thinking like fifty‐fifty means 
like each half is equal, so I would put half.”

Presenter
Presentation Notes
We rate the clip as high for linking and connections because the teacher draws explicit connections between the ideas of “possible” “impossible” and “equally likely,” the likelihood line, mathematical symbols, and “the way mathematicians would name those points” as the teacher says. For instance, the teacher represents an event that occurs “for sure” in many different ways: she talks about the event “definitely happening”; she also uses numbers 1, and 100% to represent it, and she draws links among these different ways of representing this event. In this clip, the teacher also links fractions and percents, but this aspect of her work is not sustained or detailed enough to warrant a 3 for linking and connections. Thus if this latter aspect of the teacher’s work had been the only thing that occurred in the segment, we would have rated the clip as a 2 for brief linking and connections. We also assign a score of 3 for explanations. This is because both the explanations offered in this segment are global. In particular, through the student-teacher interactions, the meaning of 100% is defined in the following ways: “for sure, definite, it will happen.”  Similarly, in explaining why equally likely events correspond to ½, a student uses a more global explanation considering the likelihood line as a whole (that is 100%), and then partitioning this whole into two equal pieces. The explanation co-constructed by the teacher and students is detailed, so this reinforces the idea of scoring this segment as high. 



Bianca: Integer Subtraction

• 7th grade
• The class uses blue (positive) and red (negative) chips to 
represent integers
• The class then uses this chip model to solve 5 – ‐7 

Presenter
Presentation Notes
The next clip we will consider comes from a 7th grade lesson on integer subtraction. The class uses a chip model to solve the problem five subtract negative seven. To solve this problem, the class uses blue and red chips to represent positive and negative numbers, respectively.  



Bianca: Integer Subtraction: Video

Presenter
Presentation Notes
Bianca: Now you’re down to just making pretty designs which is nice, but – let’s talk about this a little bit more, boys and girls.  And if we have to do this another way, we can.  Um, did anyone come up with an idea on how they can get these to work out to show the equation 5 minus 7– a negative 7, I’m sorry.  Selena and Gabriel, zip it.  Anyone come up with an idea?  Even something that you’re not sure if it will work but we can try it and see.  Joshua.  So we have 5 positive and we have a negative 7 and maybe some zero sums just hanging out here, right?  Olivia, thank you. Olivia:	Could it be negative 5? Bianca: Could it be negative 5.  How did you get a negative 5?  Can you come show me using my chips?   Student: [inaudible] There’s not enough to minus [inaudible] Bianca: There’s not enough to subtract, right?  Because technically if you have 5, here’s our 5, we can’t take 7 away, right?  Okay, so that’s a good observation; we can’t take 7 away. Gabriel. We can’t take 7 away, so that’s a good start.  We can’t take 7 away, clearly.  Jessica? Jessica: I have a question.  So if, ‘cause positive, I mean negative 7 is higher than positive 5, so it would be a negative number, right? Bianca: Would it be a negative number?   Student: No. Bianca: That’s the way it worked when we were adding.  But this is subtracting.   Student: Would it be a positive number? Er, I don’t know. Bianca: I’m not sure. Student: I’m confused. Bianca: Okay. You can take 5 away from 7, you can.  Is that what we’re trying to do here? Student: No. Bianca: In a way we are, we’re taking 5 away from 7.  Okay.  So let’s take a look here and see if we can start figuring this out.  Do me a favor and group them as 5 and then 7.  Group them as 5 and 7, please.  Just group them up, don’t pair them up. We’re going to look at the zero sums that I’ve made; I’m going to make 7 pairs of zero sums.  When we have 7 pairs of zero sums, if I take 7 away and the 7 is our negative, so I’m going to take 7 reds away, 1, 2, 3, 4, 5, 6, 7, that leaves me with all of these blues.  What answer does that leave me with? Student: 12. Bianca: Positive or negative? Student: Positive. Bianca: It leaves me with positive 12.  And that’s actually the correct answer.  Let’s see if we can get it to work, though.  So now that you know that little bit of information, see if you can show me 5 plus negative 7.  I’m sorry, 5 minus negative 7, like we just did.  As I come around, I want you to be able to show it to me.  Set your negatives up as zero pairs just so I can see what you’re doing.  You need to work with her, please. 



• Linking and Connections
• Explanations

• Take a moment to write down your scores before moving on 
to our answers…

How would you score this clip for:

Presenter
Presentation Notes
Now that you have watched the video clip, please stop the presentation and record your thoughts and scores for each code.



• Linking and Connections (1)
▫ No connections: 

Teacher solves the problem 5 – (‐7) with the chips, but she stays 
“in the chips,” never connecting the moves she is making to the 
expression: what is 5, what is ‐7, connecting subtraction to 
“taking away” chips
Take‐away model: chips corresponding to the subtrahend 
should not be represented on the overhead. 

• Explanations (1)
▫ No explanation offered

Bianca: Integer Subtraction: Answers

Presenter
Presentation Notes
We rate this clip as low or 1, for linking and connections, simply because no explicit connections or links are drawn in this clip. Notice that the teacher, who we call Bianca, IS using chips to model integer subtraction, BUT she never draws any connections between the mathematical symbols and the chips; she simply stays in the chip model. Specifically, the teacher never clarifies what the 5 corresponds to: although she places five blue chips on the overhead, she never explains that these five chips correspond to the number 5 in her expression. Nor does she clarify what the -7 represents. In fact, her work around representing the -7 is very confusing: she originally places 7 red chips on the board, but she then puts them to the side and never uses them. We pause to note here that in the take-away interpretation of subtraction she was using, the subtrahend needs not be represented on the overhead. Even more troubling is what she does next, when she puts 7 pairs of blue and red chips to represent, as she says, 7 zero sums, and then takes away 7 of the red chips. Taking away seven of the red chips is, in fact, correct, but Bianca never points to the connection between the act of taking away chips and the subtraction sign. It is worth noting that this clip is scored as containing lack of clarity. This code will be discussed in the “errors and imprecision” module.  We also rate explanations as a 1 or low, because the clip features no explanations. The chip model could have been used to give meaning to the steps involved in integer subtraction, but the teacher fails to do so. 



Karen: Interpreting Remainders
• 5th grade
• Class is working on different interpretations of remainders 

Presenter
Presentation Notes
We’re now going to watch a clip from Karen’s 5th grade class. During the lesson, the class has been working on different interpretations of remainders. 



Karen: Interpreting Remainders: Video

Presenter
Presentation Notes
Karen:	 What does a remainder tell us? What does it tell us, Jesse? Student: There’s some left over. Karen:	 There’s some left over…Meaning…There is some left over, I agree with that.  Student: But there’s not enough to, to divide by. Karen:	 There’s not enough to make another group with the divisor you mean? Student: Mmm-hmm. Karen: Okay, I agree with that, too.



• Linking and Connections
• Explanations

• Take a moment to write down your scores before moving on 
to our answers…

How would you score this clip for:

Presenter
Presentation Notes
Now that you have watched the video clip, please stop the presentation and record your thoughts and scores for each code.



• Linking and Connections: (1)
▫ No links or connections are actually made (remainders 
and divisors both pertain to division so she is not linking 
different mathematical ideas)

• Explanations: (3)
▫ Explains what a remainder is generally; she is not talking 
about a specific problem

▫ She is complete and clear in her explanation

Karen: Interpreting Remainders: Answers

Presenter
Presentation Notes
We rate this clip as low for linking and connections, because no actual links or connections are made in the clip. Notice that during the teacher-student interchanges, remainders are linked to divisors; however, this does not count as a connection because remainders and divisors pertain to exactly the same mathematical idea of division.The clip does feature a global explanation. Working collaboratively, the teacher and the students define remainders as the quantity that is left over when there is not enough to make another group equal to the divisor. Although very brief, this explanation is global because it does not pertain to a specific problem. The explanation is also complete and clear, and is thus we rate the clip as high.



Lisa: Inverse Operations  
• 5th grade 
• Class was working on solving algebraic equations using 
“inverse operations” 

n – 2 = 7 n = 2 + 7
• However, in some cases this approach did not seem to work

31 – n = 12  n = 31 + 12

n × 2 = 14  n = 2 ÷ 14

• The teacher explains why the inverse operation approach 
can be used in some cases but not in others

Presenter
Presentation Notes
The last clip we’re going to watch comes from a 5th grade class. In the lesson under consideration, the class has been working on solving algebraic equations, such as n subtract two equals seven. To support students’ work, the teacher, who we call Lisa, has walked students through a procedure involving the inverse operation. For example, to solve the equation n  subtract 2 equals 7, she told students that they had to put the n on the left hand side of the equation and then use the inverse operation of subtraction to link the two numbers. However, in some cases, this approach did not work. For example, as you can see here, following this approach to solve the equation 31 subtract n equals 12 led to the incorrect equation n equals 31 add 12. Similarly, using this approach to solve n multiplied by 2 equals fourteen led to another incorrect equation n equals 2 divided by 14. We step into the classroom at the point when Lisa tries to explain why the inverse operation approach works in some cases but does not work in other cases.



Lisa: Inverse Operations: Video  

Presenter
Presentation Notes
T: We always go back to our seats because we need to talk about the two questions that came up while we-when we did this.  We had two big questions.  Thank you Ally.   T: Two problems happened when we were using inverse operation.  There was one problem and there was two problems.  Somebody tell what the two problems were.  What were the two problems?  Uh, Amber, tell me one. SN: N times two equals fourteen? T: I mean what was the problem using the inverse operations? S: Oh, division? T: We had problem with division and we had problem with what else, Cody? SN: Uh, take away. T: Subtraction.  And this is why.  When it’s N divided by two equals fourteen, when the N, the variable comes first.  We can use inverse operations and get the right answer.  This would be twenty-eight and it’s true.  Twenty-eight divided by two is fourteen.  When the variable comes in the next place, it would be, let’s say, twelve divided by N equals six.  We don’t get the right answer.  It’s because addition-uh, division and subtraction, is not commutative.  So when the variable comes second, it’s harder.  You can’t use the inverse, you have to just say, oh N equals twelve divided by six to get the answer of two.  So you-whenever division or subtraction, the variable is in the second place, you’re not gonna be able to use the inverse operation to get the answer.  Okay, everybody remember?



• Linking and Connections
• Explanations

• Take a moment to write down your scores before moving on 
to our answers…

How would you score this clip for:

Presenter
Presentation Notes
Now that you have watched the video clip, please stop the presentation and record your thoughts and scores for each code.



• Linking and connections (1)
▫ No connections are made (the teacher just states that 
subtraction and division are not commutative)

• Explanations (1)
▫ The teacher provides an “explanation”
▫ AND the teacher is correct in noting that subtraction and 
division are not commutative

▫ BUT this does not explain why the inverse operations cannot 
be used when the variable appears in the second place  

Lisa: Inverse Operations: Answers  

Presenter
Presentation Notes
For linking and connections, we assign a score of 1. This is because the clip includes no explicit links or connections. Notice here that the teacher states that subtraction and division are not commutative, but this does not count as a connection, because the teacher simply states a fact without drawing an explicit link between the two mathematical ideas–subtraction and division. Rating the clip for explanations is a bit trickier. The clip does contain something that is intended to be an explanation AND that explanation is correct in noting that subtraction and division are not commutative. However, Lisa’s explanation does not really explain what she was trying to clarify. Although Lisa is correct in arguing that subtraction and division are not commutative, this idea, in and of itself, does not really explain why the inverse operation approach cannot be used when the variable appears in the second place. Thus, we rate the clip as low for explanations. 



End of Richness Part I
Please move on to Richness Part II

Presenter
Presentation Notes
Congratulations on completing part I of Richness of the Mathematics module. We encourage you to look over the MQI document and review the examples here if you are confused.  When you are ready, please move on to Part II of the Richness of the Mathematics module. 
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