
Richness of the Mathematics 
Part II

Presenter
Presentation Notes
Welcome to part II of the Richness of the Mathematics module. In this module, we will consider mathematical practices and classroom activities that help develop student’s mathematical sensibilities and understandings. 



Mathematical Practices Codes
• Multiple procedures or solution methods
• Developing mathematical generalizations
• Mathematical language

Presenter
Presentation Notes
This module contains information about three codes: Multiple procedures or solution methods, developing mathematical generalizations, and the use of mathematical language. All three have played a strong role in the mathematics reform efforts of the last two decades. For instance, the NCTM Principles and Standards of School Mathematics notes that “students should … understand that many methods exist, and see the usefulness of methods that are efficient, accurate and general" (p. 32). The document also recommends that students should not only use “ordinary language and sketches, but they should also learn to communicate in more formal mathematical ways, using conventional mathematical terminology…. By the end of the high school years, students should be able to write well-constructed mathematical arguments using formal vocabulary” (p. 62).



Multiple Procedures or Solution Methods
• Definition: This code is intended to capture
▫ Multiple solution methods for a single problem (including 
shortcuts)
E.g., student A solves it one way, student B uses a 
different solution method

▫ Multiple procedures for a given problem type 
E.g., class compares 3/5 and 4/7 by finding a common 
denominator and then compares 3/5 and 6/11 by finding 
a common numerator

Presenter
Presentation Notes
Let’s begin with multiple procedures or solution methods. We define this code as using multiple methods for a single problem – for instance a segment in which student A solves a problem one way and student B uses a different solution method. The code also applies to multiple procedures for a given problem type. For example, the class may compare 3/5 to 4/7 by finding a common denominator, then later compare 3/5 to 6/11 by finding a common numerator. 



• Distinguish from: 
▫ Simply multiple representations or multiple answers;
▫ Methods must be distinct

Not distinct: For comparing 3/5 and 7/10, finding common 
denominators of 10ths and 50ths
Distinct: Finding common numerators vs. finding common 
denominators

• Note:
▫ Both methods must be correct
▫ Record multiple methods when more than one method is 
mentioned, even if only one of them is enacted.

▫ If  multiple methods span several segments, only give credit in 
the segment(s) where the second method is discussed or 
enacted.

Multiple Procedures or Solution Methods

Presenter
Presentation Notes
It is important to distinguish instances of features captured by this code from other features of instruction. For instance, do not use this code to capture multiple representations or multiple answers. Our rating experience also suggests that you will need to use some judgment as to when two methods are distinct from one another. We consider methods distinct when they feature two different mathematical paths to the solution. In the case of comparing fractions, for instance, we would NOT consider it distinct if student A compares 3/5 and 7/10 by finding a common denominators of 10ths and if student B finds common denominators of 50ths. However, we would consider the finding of common numerators versus common denominators distinct methods. Here are some notes. First, both methods must be correct. Unless there are two correct methods, do not give credit for multiple procedures or solution methods. Second, in watching videos, we have noticed several instances in which the class would solve a problem and then a teacher would mention a second method, perhaps referring to a solution students had found yesterday or a procedure they are well-acquainted with. In this case, you may record the presence of multiple methods, even if only one of them is actually enacted in the lesson. Finally, if multiple methods develop over several segments, you need only give credit in the segments where the second method is discussed or enacted. In other words, you should not rewind the video and recode earlier segments if a second procedure emerges. 



• High (3)
▫ The special features below should occur at some length

Explicit extended comparison of multiple procedures/solution methods 
for efficiency, appropriateness, ease of use, or other advantages and 
disadvantages OR
Explicit discussion of features of a problem that cue the selection of a 
particular procedure over another OR
Explicit discussion of connections between multiple procedures/solution 
methods (e.g., how one is like or unlike the other)

• Mid (2)
▫ Multiple solutions present, but not linked or compared OR
▫ Feature the properties under “high” only briefly

• Low (1)
▫ No evidence of multiple methods; or they are present but incorrect

Once there are Multiple 
Procedures or Solution Methods: Mid or High?

Presenter
Presentation Notes
Once you’ve identified multiple procedures or solution methods, you’ll need to decide whether to rate the segment as mid or high. We reserve high for cases in which the the instance of multiple methods has special features, and those features occur at some length. One case would be when the teacher makes explicit and extended comparisons between methods based on their efficiency, appropriateness in particular situations, ease of use, or other advantages or disadvantages. Another case would be an explicit discussion of features of the problem that cue the selection of a particular procedure over another. Finally, a third case would be a discussion of the connections between methods, for instance how they are like or unlike one another. You may use mid in two cases. First, we use it when multiple methods are present, but they are not linked. We also use it when links are present, but they occur only briefly. This most often happens when a teacher or student notes that one solution method is “easier than the other.” Finally, you may use low when there is no evidence of multiple procedures or solution methods, or when they are present but incorrect.  



DevelopingMathematical Generalizations

• Definition: Class examines instances or examples, then makes 
a general statement about a mathematical 
pattern/procedure, develops a definition, or derives a 
mathematical property. 
• Examples: 
▫ Patterns: Drawing parabolas y = x2, y = 2x2, y = 4x2 and then making a 
generalization about the shape as the coefficient changes

▫ Definitions: Considering different examples and non‐examples of a 
shape, then proposing a definition for this shape

▫ Properties: Considering several examples of additions and subtractions 
(e.g., 3 + 5, 5 + 3, 9 ‐ 4, 4 ‐ 9), then concluding that while addition is 
commutative, subtraction is not

Presenter
Presentation Notes
Let’s now turn to the next code, developing mathematical generalizations. This code is meant to capture instruction during which the class examines instances or examples of a phenomenon, then uses this information to make a general statement about a mathematical pattern or procedure, develop a definition, or derive a mathematical property.  We have highlighted the word developing here because we want to emphasize that this code is ONLY used in cases where specific examples are used to develop a general mathematical proposition. It is not used in cases where the teacher simply states a mathematical generalization. We’ll return to this distinction in a bit.First, let’s go over some examples. Let’s say a class has drawn the parabolas y=x2, y=2x2, and y=4x2 then uses these graphs to make a generalization about the shape of a parabola as the coefficient changes. This work would be captured under this code. Another example is from a class that is developing definitions for a specific shape. If the class considers different examples and non-examples of that shape, then proposes a definition for that shape, we would capture that activity under this code.Finally, another example is from a class that is developing the arithmetic properties. The class solves several examples of related additions and subtractions, for example 3+5, 5+3, 9-4, and 4-9, then conclude that while addition is commutative, subtraction is not.  



DevelopingMathematical Generalizations

• Distinguish from: Stating mathematical generalizations. The 
generalization must be developed.
▫ NOT developed: Teacher begins class by stating that addition is 
commutative, subtraction is not, then shows examples

▫ Developed: Class considers several examples, then reaches a 
conclusion from those examples
Can be either teacher or student who reaches the conclusion

Presenter
Presentation Notes
As we noted earlier, it is important to distinguish this code from stating mathematical generalizations. The generalization must be developed during the course of the lesson you are watching.For example, if a teacher begins class by stating that addition is commutative and subtraction is not, then shows examples, we would consider this a NOT developed generalization. If by contrast, the class considers several examples and then reaches a conclusion from those examples, we consider that to be a developed generalization. It is important to note that it can either be the teacher or the student who reaches the conclusion; in the richness dimension, all we care about is that the generalization is developed. Later, in the student participation in meaning-making and reasoning dimension, we will record whether it is students making the generalization.   



Now that it is a developed generalization….

• High(3)
▫ Generalization contains the mathematical essence of the work, 
and is complete and clear

E.g., after finding the answers to 2+4, 6+10, and 12+8, a third grade 
class concludes that 
“The sum of any two even numbers is also an even number because
2+4 means 1+2 pairs, which is 3 pairs
6+10 means 3+5 pairs, which is 8 pairs
12+8 means 6+4 pairs, which is 10 pairs
So, in all cases, you get a certain number of pairs. And because you 
have pairs, the sum is an even number.”

Often will include mathematical explanation for the generalization, 
carefully chosen examples (e.g., 0, rational numbers, integers)

Presenter
Presentation Notes
Once you’ve identified a developed generalization, you’ll need to decide whether the segment containing it should be scored as mid or high. We use high to capture generalizations that contain the mathematical essence of the work, and that are complete and clear. For instance, let’s say that after finding the answers to 2+4, 6+10, and 12+8, a third grade class concludes that the sum of any two even numbers is also an even number because 2+4 means 1+2 pairs, which is 3 pairs; 6+10 means 3+5 pairs, which is 8 pairs; 12+8 means 6+4 pairs, which is 10 pairs; So, in all cases, you get a certain number of pairs. And because you have pairs, the sum is an even number.”This would count as a complete and clear generalization about the sums of even numbers. In particular, the note that adding even numbers always adds pairs of numbers is critical. This would also count as a high for explanations. 



DevelopingMathematical Generalizations

• Mid (2)
▫ Generalization is accurate, but not complete, clear, or detailed

E.g., after figuring out the answers to 2+4, 6+10, and 12+8, the class 
concludes that “two even numbers give us an even number”

• Low (1)
▫ No developed generalization OR
▫ Incorrectly developed generalization OR
▫ Non‐mathematical generalizations

E.g., “Drawing a picture helps to solve a word problem.”

Presenter
Presentation Notes
We assign a score of mid if the generalization is accurate, but is not complete, clear, or detailed. For instance, after figuring out the answers to 2+4, 6+10, and 12+8, the class concludes that “two even numbers give us an even number.” This is not a complete generalization,  because "give us" could mean any of the four operations. We assign a low score when there are no developed generalizations, the developed generalization is incorrect, or the developed generalization is non-mathematical. 



DevelopingMathematical Generalizations

• Notes:
▫ Requires at least two examples (either explicitly worked or 
referred to) from which a generalization emerges

▫ Record generalizations for only the segments in which 
generalization emerges/becomes explicit

▫ Do NOT record a mid or high when teachers state generalizations 
without first developing them from examples

Presenter
Presentation Notes
Let’s discuss some general notes about this code. First, we require the presence of at least two examples – either worked or referred to – from which a generalization might emerge. Second, it may take several segments of working on examples for a generalization to emerge or become explicit. In this case, you only assign a mid or high rating for developing mathematical generalizations during the segment in which it becomes explicit. And as we’ve discussed, do not use this code when teachers or students state generalizations without first developing them from examples. 



Mathematical Language
• Definition: This code is intended to capture how fluently the 
teacher (and students!) use mathematical language and 
whether the teacher supports students’ use of mathematical 
language.
• Examples: 
▫ Talk that is dense in correct mathematical terms 
▫ Instruction that correctly “translates” between 
mathematical terms and everyday terms for mathematical 
phenomena

▫ Teachers’ efforts to encourage students to use 
mathematical terms

Presenter
Presentation Notes
Let’s turn now to mathematical language. In this code, we capture how fluently the teacher and the students use mathematical language, and whether teachers support students’ use of mathematical language. Specifically, we are trying to differentiate between a few different types of mathematical talk in classrooms. On the one hand, we want to recognize talk that enhances student understanding and use of mathematical terms. This includes, at the most basic level, talk that is dense in correct mathematical terms – instruction in which the teacher takes every opportunity to use a mathematical term, or student talk that likewise is dense in mathematical terms. Another example would be instruction in which the teacher “translates” between mathematical terms and everyday terms for students– for instance, instruction in which a teacher says “the divisor, or the number of groups you are making” or “discrete data, data that can only take certain values” would be rewarded under this code. Re-explaining terms in the course of the lesson can aid students, particularly those from non-English speaking homes.  Another example would be cases in which the teacher encourages students to use mathematical terms through prompting or direct requests.



Mathematical Language
• Distinguish from: 
▫ Instruction in which teacher uses an average number of 
mathematical terms in pro forma way

▫ Does not use mathematical terms, uses only a few, or does not 
use terms correctly

• Do not use this code to record students’ sloppy use of 
language
▫ Student talk can count toward a ‘high’ but otherwise disregard

Presenter
Presentation Notes
This code differentiates such high-quality talk from instances in which an average number of mathematical terms are used in a pro forma kind of way. In other words, the teacher may use mathematical terms, but the density is not high and there are no “special features” associated with their use. Still another possible scenario would be when the teacher does not use many mathematical terms at all, uses only a few, or does not use terms correctly. This is also a good place to note that you should not use this code to record student’s sloppy use of language. Student talk can count toward a high but otherwise do not use this code to record student language. 



Mathematical Language
• High (3)
▫ Teacher uses mathematical language fluently, densely and in ways that 
help students use language. Also assign a rating of high when students 
use an unusually large number of mathematical terms.

▫ Fluency and high density is one way to get a high
▫ May also assign a rating of high for “special features” including:

Being explicit about or emphasizing terminology
“Translating” or reminding students of the meaning of terms 
(“discrete data, or data that can only take certain values…”)
Pressing students for accurate use of terms (either explicitly or via 
re‐voicing student utterances in more precise terms)
Encouraging student use of mathematical terms

Presenter
Presentation Notes
Let’s turn to scoring for this code. We assign a high score in cases where the teacher is using mathematical language fluently, densely, and in ways that help students, in turn, use mathematical language. You can also assign a high score when students seem to be using an unusually large number of mathematical terms; it’s our assumption that the teacher has fostered this practice, and should be credited.Simple fluency and density are one way to get a high in this category. You can also rate a segment as high for special features associated with language use. This includes cases where the teacher is explicit about or emphasizes terminology; where the teacher “translates” or reminds students of the meaning of terms; where the teacher presses students for accurate use of terms, either explicitly or by revoicing student utterances in ways that call attention to specific mathematical language; and teachers who encourage students to use mathematical terms. It is important to note one thing about this code: Don’t be tricked into assigning a high rating for every segment in which a teacher provides a definition for a mathematical term. In fact, most pro forma definitions will be scored as mid or low; instead, for high, we are looking for the features described here. 



Mathematical Language
• Mid (2)
▫ Reasonable amount of mathematical language in the segment, 
but used in pro forma way

▫ This is the default rating when the teacher is using mathematical 
language adequately but not outstandingly 
Teacher uses mathematical language as a vehicle for conveying 
content, but has few or none of the special features listed 
under “high”
The segment includes special features listed under “high” but 
also includes some linguistic sloppiness

Presenter
Presentation Notes
The mid rating is used to record instruction in which there is a reasonable amount of mathematical language, and that mathematical language is used adequately but not outstandingly.  Another way of saying this is that the teacher uses mathematical language as a vehicle for conveying content, but that content has few or none of the special features listed under high. Mid is the default rating for Language; give this rating when there is no evidence to suggest a low or high rating. You can also give a rating of mid when the segment includes some special features under high, but also includes some linguistic sloppiness.  



Mathematical Language
• Low (1)
▫ Teacher does not demonstrate fluency in mathematical 
language 
Teacher frequently uses colloquial terms at times when more 
technical terms would be appropriate (e.g., “alligator mouth” 
for less than, “top” and “bottom” for numerator and 
denominator) OR
Teacher talk characterized by sloppy/inaccurate use of 
mathematical terms OR
Little mathematical language is used in the segment

Presenter
Presentation Notes
Finally, assign a score of low when the teacher does not demonstrate fluency with mathematical language. This can occur in several ways:First, the teacher frequently uses colloquial terms at times when more technical terms would be appropriate, for instance “alligator mouth” for less than, or “top” and “bottom” for numerator and denominator. Second, assign a score of low when the teacher’s speech is characterized by sloppy or inaccurate use of mathematical terms. Finally, you may use low in cases in which there is little mathematical language the segment. 



Notes on Mathematical Language
• Language (richness) vs. imprecision in language (errors)
▫ Richness language captures strong/fluent use of mathematical 
language; Imprecision captures sloppy/imprecise use of 
mathematical language 

▫ They are not simply opposites
Can assign a rating of “mid” in Richness even with some 
linguistic sloppiness and imprecise language
Can assign a rating of “high” in Richness with an isolated error, 
as long as segment meets criteria

Presenter
Presentation Notes
It is important to distinguish this code from the imprecision in language and notation  code in the errors dimension. The mathematical language code is meant to capture strong, fluent, dense, and supportive use of mathematical language. The imprecision code captures sloppy or imprecise use of mathematical language. These codes are obviously related, but are not simply opposites. The language code in richness is a little more tolerant of linguistic sloppiness – in other words, you can score a segment as mid if there are a few moments of linguistic errors. Likewise, you can assign a rating of high even if there is an isolated linguistic error in the segment, if the talk otherwise meets the criteria.  



More General Notes on Richness
• Do not score substantially incorrect elements as rich: 
▫ E.g., Incorrect or inappropriate solution method or 
generalizations

• Evidence for these codes can be found during student work 
time
• These are all quality codes – you can assign a rating of high 
even if that aspect of instruction occurs for only a portion of 
the segment.

Presenter
Presentation Notes
Some general notes on richness. As we noted in the first richness module, do NOT score substantially incorrect elements of instruction as rich. For instance, if there’s an incorrect or inappropriate solution method or generalization, it would not count as rich instruction. Evidence for these codes can be found during student work time, not just during whole-class instruction.These are quality codes – you can assign a score of high even if that aspect of instruction occurs for only a portion of the segment.



Mathematical Practices: Examples 
(Score for Three Codes)
• Julia: Solving Algebraic Equations
• Karen: Tourist Problem
• Wilhelmina: Polygons and Non‐Polygons
• Robert: Factoring

Presenter
Presentation Notes
Now that you have gone through the mathematical practices codes of richness, you will watch and rate four video clips.  For each clip, please assign a rating for multiple procedures or solution methods, developing mathematical generalizations, and mathematical language. You can watch the clips as many times as you feel is necessary. 



Julia: Solving Algebraic Equations
• 8th grade
• Class is considering two approaches to solving algebraic 
equations 

Presenter
Presentation Notes
Our first clip is of an 8th grade teacher who we call Julia. The class has just discussed a worksheet that presents two different ways of solving the same algebraic equation, and they are about to discuss a similar worksheet.



Julia: Solving Algebraic Equations: Video

Presenter
Presentation Notes
Teacher: The third problem, wowser look at that guy.  Ok Student: Wowser Teacher: Wowser.  On this one we have some bubbles already.  Okay, I’d like somebody, Mrs. Creamery, uh, a volunteer, to come through and Anthony’s going to read the bubbles and he’s going to point and talk us through what Morgan and Alex are doing, which, by the way – excuse me, it’s very complicated, so Anthony, go slow, okay, cause I’d like even for people who didn’t do this one we need our full attention to take a look at the complexities in this one.  Okay, go ahead.  Student: Alright, first, he distributes, uh, four to x and three and he gets four x,   but this is negative four.  So negative four times negative three is twelve, so then you do adding.  Which we had a problem with. And then, yeah then he um, then he combines the like terms, which is 12 and 8, and that equals 20. And then subtracted 20 on both sides and got negative four x equals twenty. And then divded, uh, negative four x by negative four, and negative twenty by negative four and got x equals negative five.  On this side, first they subtracted eight from both sides, and was left with negative four.  And then divided both sides by negative four and got left with x minus three equals negative 8, and then they added 3 to both sides, and that gets rid of that, you get left with x and negative 5. Teacher: Okay, ssshhhh.  What’s similar on this problem… Student: Um Teacher: Wait, wait, it’s a different question, hold on. You guys didn’t have it.  There’s something similar about the comparison on, for this problem that was going on for that problem. What similar thing was happening?  Celine. Student: Both ways of doing it they both got the correct answer Teacher: Okay, can you talk a little more about the big difference between the two ways?  Student: Um, Alex did the distributive property first so he got 4x plus twelve  Teacher: Okay Student: Morgan, she did the first operation first and she substracted 8 and got 32 on the solution side, the solution, the right side of the equation, and negative four on the left. Teacher: Okay, what was her next inverse operation Student: Uh… Teacher: What did she do instead of the distributing? Student: She, uh Teacher: Instead of distributing.  Miles? Student: She Divided Teacher: Divided by, divided by that factor, that number that’s in front of the parenteses, with the second factor.   Okay, so you guys notice of course that one of the similarities is that the solution is the same. Did you check to make sure that your negative five. Student: Yup. Teacher: What were some of the things that confused you at first on this problem.  Student: Um, on this problem, this part, they get the distribute the properties right but um, instead of doing subtracting, they do adding. But then, after we after we talked to you, we figured out that it was a negative times a negative which equals adding Teacher: So this is a positive there.  Okay, um, I think we talked about maybe, oh my last question for you guys at that table:  is there one way that you liked better than the other on this problem, Anthony?  Student: Well, for this kind of problem we like the right side.   Teacher: Okay Student: Because, there’s less steps that you have to take. But like, if it was a lot more, if it was harder division, the left side would be easier  Teacher: Okay, everybody follow that? If there’s harder division, Alex’s way would be easier.  Student: Okay, plus the end of this one, you’re always going to get rid of the 8 and -4. so either way you do it, you’re going to get rid of those two numbers on each side.   Teacher: On each side.  Okay, that’s good.  Thank you.




How would you score this clip for:
• Multiple Procedures or Solution Methods
• Developing Mathematical Generalizations
• Mathematical Language

• Take a moment to write down your scores before moving on 
to our answers…

Presenter
Presentation Notes
Now that you have watched the video clip, please stop the presentation and record your thoughts and scores for each code.



Julia: Solving Algebraic Equations: Answers
• Multiple procedures/solutions: 3
▫ There are two different correct solution methods
▫ Explicit links between them and a nice discussion of when one 
method might be preferable to another

• Developing generalizations: 2
▫ Generalization about which method is easier made by student
• Mathematical language: 3
▫ Rich language used by both the teacher and students: 
distributive property; combine like terms; factor; equation; 
inverse operation

Presenter
Presentation Notes
For multiple procedures or solution methods, we assign a score of 3. There are clearly two different and correct solution methods presented in this clip, those of Morgan and Alex, the two fictional students featured on the work sheet. What makes this clip a 3 is that there is explicit discussion of the differences between the two methods, as well as under what conditions one method might be preferable to another.We assign a score of 2 for developing mathematical generalizations. This generalization may be easy to miss. The class has worked two different worksheets, each of which solve an equation via two different methods. At the end of the clip, a student argues that he prefers the divide-first method because it has fewer steps, but if there was a harder division, the distribute-first method would be easier. This observation generalizes beyond the scope of the two examples they have worked in class. This generalization doesn’t really speak to the mathematical essence of the work being done, so we assign a score of 2.For the mathematical language code, we assign a rating of high. Even though the teacher isn’t particularly explicit about her language use, nor does she press her students on their language use in this clip, both the teacher and the students use rich language fluently throughout the clip. Specifically, terms like “distributive property,” “combine like terms,” “equation,” and “operation” are used clearly and correctly by students without explicit prompting from the teacher, which indicates that the teacher has likely encouraged good student use of language in the past. 



Karen: Tourist Problem
• 5th grade 
• Class has been working on the following problem: “There are 
54 tourists in a group. There are twice as many women as 
men, and there are three times as many children as men. 
How many women, men, and children are there?”
• At the beginning of the clip, a student shares her solution on 
the overhead projector

Presenter
Presentation Notes
We return to Karen’s 5th grade classroom. The class has been working individually and in pairs on the following problem: “There are 54 tourists in a group. There are twice as many women as men, and there are three times as many children as men. How many women, men, and children are there?” We enter the classroom as a student begins to share her solution with the class on the overhead projector.



Karen: Tourist Problem: Video

Presenter
Presentation Notes
Karen: You need to show them, okay?  While you're talking. Student: So, there's sixty-four people. Karen: Fifty-four, honey. Student: Whoops!  Okay, so Karen: There's some men- Student: There's men, women and children.  So there's twice as many woman as men, so I just write two and one.  And there's three times as many children as men, so I just write three. Karen: Okay, so you've got a ratio there, three, two to one. Student: So, if you add these together that's six.  So I divided fifty-four by six and that gave me-	Karen: What did that tell you? Student: It tells me how many like groups? Karen: The six tells you how many groups.  I mean the quotient.  What does that quotient tell you? Karen: In other words, where are you going to put the nine now that you've got it? Student: Now that I see-now I'm gonna times it by what I have here.   Karen: Okay. Student: Nine times one equals nine.  So now there's nine men. Karen: So write the label please. Student: Okay, so there's nine men. And I times nine, I do nine times two and that's eighteen.  So there's eighteen women.  I times nine times three and I get twenty seven.  So there's twenty seven children.  And if you add them together- Karen: Good job, checking in the end. Student: There's nine plus eight is seventeen, plus seven is fourteen Karen: Nine and eight is seventeen and seven more is. Student: Oh, twenty-four.  Two plus one plus- Karen: Where is the two plus one? Student: Twenty plus ten, plus twenty is fifty and that's fifty-four. Karen: Very good!  Did somebody do this a different way?  Okay Mark, come show us.  You had to do the same operations, didn't you?  But it was a different way- Student: We guessed and checked. Karen: You guessed and checked?  But then I saw you using X's.  Right?  Do you want your paper?  Go with him, Miles.  Together you can tell us what you did.   Student: First we guessed that men equals seven and then women equals fourteen and children equals twenty one.  We added it together and realized that that was too small, so we knew it had to be higher than seven.  Then we guessed ten and twenty, and thirty and it was too much, so we knew it had to be in the middle, so we guessed eight.   Karen: Two times.   Student: That was too low, so then we guessed nine.   Karen: Then you knew the answer and all you had to do was check, huh? Student: Yup. Karen: Okay, let's see. Karen: Add that again, kiddo. Student: We got fifty-four. Karen: Excellent.  You can do it by guessing and checking, takes a little bit longer.  Anybody do it another way?




How would you score this clip for:
• Multiple Procedures or Solution Methods
• Developing Mathematical Generalizations
• Mathematical Language

• Take a moment to write down your scores before moving on 
to our answers…

Presenter
Presentation Notes
Now that you have watched the video clip, please stop the presentation and record your thoughts and scores for each code.



Karen: Tourist Problem: Answers
• Multiple procedures/solutions: 2
▫ There are two different and correct solutions featured in this clip 
▫ There is NO explicit, lengthy comparison/discussion (just a brief 
teacher comment re: one approach is more efficient) 

• Developing generalizations: 1
▫ No generalization is being developed 
• Mathematical language: 2
▫ Teacher uses mathematical terms (e.g., ratio, quotient), but the 
usage of mathematical language was not particularly dense

Presenter
Presentation Notes
For multiple procedures or solution methods, we assign a score of 2. There are clearly two different and correct solution methods presented in this clip, the first student’s approach and then Mark and Myles’  guess and check strategy. However, there is no explicit comparison between or discussion about the two methods, besides a brief teacher comment that guess and check takes a little longer. So we assign a rating of 2 for this code. We assign a score of 1, or low, for developing mathematical generalizations, as no generalizations are developed during the clip.For the mathematical language code, we assign a rating of 2. While the teacher uses “ratio” and “quotient” purposefully, and there is no linguistic sloppiness to speak of on the part of the teacher, there just was not enough mathematical language during times of teacher talk for a score of high.	



Robert: Factoring
• 9th grade
• Class is working on factorization

Presenter
Presentation Notes
For our next example, we will look at a teacher, who we call Robert, teaching a 9th grade class. The class has been working on factoring quadratic polynomials, and in this class they have begun thinking about factoring certain polynomials of higher degree.



Robert: Factoring: Video

Presenter
Presentation Notes
Teacher: You ready?  Alright. Here’s the deal.  Is this like what we did yesterday? Students: [various]Yeah. No. Not at all. Teacher: It depends.  Alright, at face value is it? What’s different about it?  Student: It has x .. [various] Teacher: I don’t have x squared, x, and a number.  I have x to the fourth, x squared, a number.  It turns out they behave the same, similar to what was saw today with the y squared thing.  Now, if I’m going to make x to the fourth, what could these two things be? What times what? Students: [various] Teacher: X squared, x squared.  They could also be x cubed and x, but that’s a whole different story, I don’t want to get into that can of worms right now.  What’s x, x could be, but the problem is then we have a lot more terms.  If it’s going to be three terms, they have to be the same.  Now, what are the signs going to be?  I am surprised you guys struggled with this, you were so good with this before.  Student: Plus and plus Teacher: Yeah, and Nora, I don’t know if Jamie made the same mistake, but Nora, don’t look at the middle term yet, look at the last one and say ‘hey, I’ve got to get to positive three, it’s got to be plus and plus.  What’s the nice thing about this problem?  Student: It’s small numbers Teacher: But how do you get to three?   Student: One and three.   Teacher: So now, our only options right now, for me to get three, is one and three, and x to the fourth, that’s feasible is x squared, x squared.  Now, let’s just check and make sure the middle term works out.  First, this term is easy.  X squared times x squared is x to the fourth.  Last term’s easy. The middle term.  Three x-squared plus one x-squared. What’s three x-squared plus one x-squared?   Students: 4x squared. Teacher: So is this a proper factoring?  Student: Yeah.   Student: That’s easier than I thought it was.   Teacher: But that’s the idea.  Like today was saw the extra y in there.  They behave the same way, but instead of doing x and x, we get x-squared and x-squared.  Now, let’s see.  We’ve got three minutes left. Student: Wait.  Can I tell you my struggle? Teacher: Yeah, go ahead.  Student: Okay.  Student: I thought that, for some reason I thought that the three was a four and it that was a three, so I thought it had to be negative.  Teacher: You couldn’t do it that way. Yup. Student:  So, I  Teacher: So what’s my advice to you? Write the down the problem correctly.   Student: I wrote it down correctly, I  Teacher: Just when you looked at it, it went backwards.  Got it.  Always look at the last term. Yes Maria.  Student: I did it right. Teacher: Give her a high five. Alright. Now, let’s see. You don’t have to write this down.  This is more a discussion.  But what if I gave you this? X to the sixth, now let’s keep this easy.  Plus, Student: X to the third Teacher:  6, hang on, shhh, now, we want to fill in this cloud with some of this factoring. Before we get there, make sure do the six and the eight work?   Student:  [various] Noo…..yeah 4 and 2 Teacher: Because 4 times 2 is 8 and 4 plus 2 is six, right.  We learned what goes here has to factor x to what power.  Don’t yell it out, I call on someone, but right now I want everyone to try.  What has to go there that’s going make this factor?  The numbers work out, the signs are good.  What would have to here to make it that reverse foil thing?  Student: Is it 2? Teacher: Okay, let’s try that.  If it’s x-squared there, that would tell me, to get to x-squared I would need an x-squared and an x-squared out front.  And it is x-squared times x-squared, that? Student: No.  Teacher: My friend is dying to call it out.  Who haven’t I spent much time with today? Who Claudia, what do you got? Student: X to the third.  Teacher: X o the third. Because now that means, is x-cubed times x-cubed, x to the sixth?  And if I put in my 2 and four here, I get a 2 x cubed and a 4 x cubed, which is 6 x cubed. So, what do you learn about?  If these things are reverse foil, what do you know about the exponents?  We saw 4, 2, nothing; 6, 3 nothing.  And before we saw stuff like x-squared, minus x, minus twelve.     What do we know about that middle term?  Wrap it all up, Jamie. Student:  Well, the middle term is half that. Teacher:  The middle one is always half of that. Will talk about that more later. Is that what you guys were going to tell me? Excellent work today folks. 




How would you score this clip for:
• Multiple Procedures or Solution Methods
• Developing Mathematical Generalizations
• Mathematical Language

• Take a moment to write down your scores before moving on 
to our answers…

Presenter
Presentation Notes
Now that you have watched the video clip, please stop the presentation and record your thoughts and scores for each code.



Robert: Factoring: Answers
• Multiple procedures/solutions: 1
▫ Similar problems solved in similar ways
• Developing generalizations: 2
▫ Class develops a correct generalization
▫ It is not complete, clear, or detailed

In the last 30 seconds, he develops a generalization which is not clear or 
complete (“The middle one is always half of that.”)

• Mathematical language: 2
▫ Teacher uses several terms (“factoring,” “terms,” “exponent”) 
meaningfully and correctly, but also some vague words (“it”, 
“this one”, “doing”, etc.); there are also none of the special 
features of “high” present

Presenter
Presentation Notes
We assign a score of 1 for multiple procedures or solution methods. Similar problems are solved in similar ways in this clip; there are no multiple solutions or procedures present.For developing mathematical generalizations, we assign a score of 2. At the end of the clip, the class develops  a correct generalization about what the degree of the middle term of a trinomial needs to be in order for it to be factorable using their familiar technique. It is important to note that this generalization is developed, that is, the general statement is given only after  having worked more than one example.  However, the generalization is not complete, clear or detailed. It is stated at the end of the clip in somewhat vague language, and there is no discussion or explication of this point. So we give the clip a 2 for the developing mathematical generalizations code.For mathematical language we assign a rating of mid. The teacher uses several terms (“factoring,” “terms,” “exponent”) meaningfully and correctly, but at times he uses vague language (“it”, “this one”, “doing”, etc.). While this vagueness might at times be mitigated by context or gestures to the board, there are also none of the special features of high present, and in general, the clip is not representative of the fluent use of mathematical language that characterizes a 3. 



Wilhelmina: Polygons and Non‐Polygons
• 6th grade class 
• Working on CMP2 Shapes and Designs
• The class is introduced to polygons. The teacher projects 
examples of polygons and non‐polygons on the overhead, and 
asks students to figure out the characteristics of a polygon to 
complete the definition: “A polygon is a group of line 
segments put together in a special way.” 
• We step into the classroom after students have been given 
some time to identify the characteristics of polygons (by 
comparing polygons and non‐polygons)

Presenter
Presentation Notes
We are now going to watch a clip from a 6th grade classroom whose teacher, we call Wilhelmina. The class is working on the activity Shapes and Designs out of the Connected Mathematics 2 curriculum. In this activity, the class is trying to build a definition for polygon. Several examples of polygons and non-polygons are projected on the board, along with the beginning of a definition for polygon: “A polygon is a group of line segments put together in a special way.” The class has been given some time to examine the examples and non-examples, and Wilhelmina is about to lead a discussion about which characteristics of polygons the class should use to complete the definition. As you prepare to watch the video, please note that the clip you are about to watch includes the class discussion about characteristics of polygons, and then a later response Wilhelmina gives to a student question about what a polygon is. We have omitted an intervening discussion where the class defines what a vertex is. 



Wilhelmina: Polygons and Non‐Polygons: Video

Presenter
Presentation Notes
 Wilhelmina: A polygon is a group of line segments put together in a special way.  For example some of the shapes below are polygons and some are not.  So, the first part of your definition for polygons should be this:  a polygon is a group of line segments put together in a special way.  That’s the first part.  We are going, together as a class; create the characteristics for a polygon that will help you more to understand them a little bit more.  Remember what they are, okay?  So if everybody will write down:  a polygon – please write that definition down, and it’s written right in your book on page 8 at the top.  Excuse me?  It’s in No. 3.  Okay.  So here we have a group here of polygons and a group here of non-polygons.  You have exactly 30 seconds to write as many characteristics as you can for a polygon and a non-polygon.  So what makes these two different groups?  This is one group polygons.  What makes them polygons?  What are some characteristics you can see, and what are some characteristics you can see on the non-polygons?  So we’ll even say about a minute – so go!  See if you can write down some characteristics.  So for a polygon, how would you know it’s a polygon?  And how would you know if something is a non-polygon?  They’ve got characteristics; write them down.   Wilhelmina: Okay – stop.  Okay.  Some characteristics about polygon and some characteristics about non-polygon.  Manuel? Student: [inaudible]. Wilhelmina: Okay.  So the lines always meet?  Okay.  Sarah? Student: For the nonpolygons, there are like lines that are kind of circular. Wilhelmina: So you have some – so they are circular?  They’re not straight.  Okay.  Sarah? Student: Polygons don’t intersect.  Wilhelmina: They don’t intersect.  Good job.  Okay.  Anything else?  Destiny? Student: [inaudible] Wilhelmina: Okay.  So you’re saying that polygons aren’t curved?  Okay.  So then what are they created out of?  They don’t curve.  You’re correct.  So let’s go one step; what does each one have?  What are these? Student: [inaudible]. Wilhelmina: Right.  So what is this?  What’s this right here?  They are made up of line segments, correct?  So line segments are straight.  They’re straight.  So, made up of line segments, okay?  Justin? Student: [inaudible]. Nonpolygons, they don’t connect.  Wilhelmina: They don’t connect.  Okay, they don’t connect.  What else?  Zach? Student: They…For the non-polygons, they, they never have lines or line segments. Wilhelmina: Well, think, because what is this made up of?  Line segments, correct?  And this one? Student: [inaudible]. Wilhelmina: Well, no.  The problem with this one is that it what?  What’s it doing right here?  It crosses.  But none on these sides will cross, right?  So that’s where we have this that they don’t intersect; they’ll never intersect.  Sarah? Student: [inaudible]. Wilhelmina: Okay.  There’s another thing about these; there’s something; there’s one more characteristics about these shapes versus these shapes over here.  Cassandra? Student: [inaudible].  Wilhelmina: What – it’s this one right here.  Student: That’s not a shape.  Wilhelmina: Exactly.  Why? Student: [inaudible]. Wilhelmina: Okay.  Let me circle this one; this one; this one; and this one.  What do they all have in common?  They don’t connect.  So they’re what?  They’re just left what?  They’re left open, okay?  They’re just left open.  But polygons are always what?  Closed.  So they’re always closed figures.  So a polygon will always be a closed figure.  Makes sense?  Any questions?  Write that down with polygons, ladies and gentlemen.  Those are some very good characteristics.  Because you need to remember that your polygons will never curve.  So a circle cannot be a polygon. Student: But a triangle can.  Wilhelmina: Yes, a triangle can.  It’s a closed figure, right?  So we have characteristics; we have lines always meet; they don’t intersect; made up of line segments; closed figures. [31:30-38:55] Student: So polygons are basically any shape, then?  Wilhelmina: Any shape as long as it is a closed figure; is made up of lines; straight line segment or line segments; and they don’t intersect.  So like all of these can’t be polygons. Student: So it always has to have a line segment? It can’t have, like, a line? Wilhelmina: They’re all made up of line segments.  Remember, a line goes on forever.  And for it to be a closed figure, it has to have points. 




How would you score this clip for:
• Multiple Procedures or Solution Methods
• Developing Mathematical Generalizations
• Mathematical Language

• Take a moment to write down your scores before moving on 
to our answers…

Presenter
Presentation Notes
Now that you have watched the video clip, please stop the presentation and record your thoughts and scores for each code.



Wilhelmina: Polygons and Non‐Polygons: Answers

• Multiple procedures/solutions: 1
▫ No multiple solutions featured in this clip

• Developing generalizations: 2
▫ Statements (about characteristics of polygons) generalized from examples on 

board 
▫ No part of definition is explicitly incorrect 
▫ However, the definition of polygon developed here is not complete, clear, or 

detailed. It omits some properties (a 2D shape; no more than two segments 
joined at a vertex); there is some ambiguity in how certain characteristics are 
defined (e.g., “lines always meet,” “it has to have points”)

• Mathematical language: 1
▫ Teacher uses several mathematical terms (e.g., line, line segments, closed 

figure, etc.) but there is also ambiguity and sloppiness in how these terms are 
used: “intersect” is used ambiguously; “lines always meet,” “for it to be a 
closed figure, it has to have points”)

Presenter
Presentation Notes
For multiple procedures or solution methods, we assign a score of 1. There aren’t any procedures or solution methods present in the clip.We assign a score of mid, or 2, for developing mathematical generalizations. The statements that the class develops  about polygons are generalized from the examples of polygons and non-polygons they have been examining. The general statements made in the clip are made only after the class considers the examples and non-examples. No part of the given definition is explicitly incorrect. At this point, we know the clip will receive a score of at least 2 for this code. However, the definition is not complete, clear or detailed. The definition given omits certain key properties. For example, there is no reference made to polygons being 2-dimensional, or plane figures. The definition also fails to mention that exactly two edges must intersect at each vertex – a square including one diagonal would appear to be a polygon under the given definition. Since this generalization is not clear or complete, we cannot assign a score of 3 for this code. We assign a score of low, or 1, for mathematical language, though we felt that the use of language in this clip came close to meriting a score of 2 (you might call this score a “high 1”). The density of mathematical terms in this clip is quite high, as the teacher brings in terms like “polygon”, “line”, “line segment”, “closed figure” and more. Also, the very nature of the activity calls for clarity and precision in teacher and student use of language. For example, Wilhelmina clarifies and rephrases a student suggestion that non-polygons can be “circular” by using a more general concept to say that non-polygons can be “non-straight”. However, while there are some aspects of strong use of mathematical language present in this clip, we decided that other mathematical language use in the clip was too sloppy, ambiguous and incorrect to merit even a score of 2. The word “intersect” is used ambiguously throughout the clip – “meet” and “intersect” should be synonyms, but she seems to draw a distinction between segments intersecting at their endpoints and segments intersecting on their interiors (that is, the line segments making up a polygon do intersect). Although at times she highlights the important distinction between “line” and “line segment”, the list of characteristics she endorses includes both “made up of line segments” and “lines always meet”. At the beginning of the clip, her use of the term “closed figure” doesn’t seem problematic, even though she hasn’t defined that term. At the end of the clip, however, she says “for it to be a closed figure, it has to have points” which calls into question what she means by both “closed figure” and “points”. Taking all of this together, we assign a rating of 1 to this clip for Mathematical Language.EDIT V.O.



Overall Richness of the Mathematics
• What is the overall richness of the segment?
▫ Not an average of the previous codes
▫ Ask yourself: Is the segment meaning‐oriented and/or full of 

mathematical practices? 

Presenter
Presentation Notes
Finally, you will be asked to judge the overall richness of the segment. This code is not an average of the previous codes; instead, you should decide the degree to which the segment focused on the meaning of the mathematics and/or featured a classroom engaged in mathematical practices. 



Overall Richness of the Mathematics
• High (3)
▫ There is a outstanding performance in one or more elements, 
even for a portion of the segment AND/OR

▫ Elements of richness combine to create either a strong sense of 
mathematical meaning and/or mathematical practices 
Examples:
Focus is on meaning via representations linked to one another or 
to underlying ideas; explanations that generalize; strong 
mathematical language
Focus is on explicit comparing of solution methods or procedures 
(e.g., most efficient) but without necessary focus on meaning 
during this discussion 

Presenter
Presentation Notes
The scoring for this code is similar to other codes, even though it encompasses a wider range of activities. A segment can be scored as high, or 3, in two situations. One is when there is an outstanding performance in one or more elements, even if that takes place for only a portion of the segment.  For example, a teacher may, at length and in detail, show examples that develop the generalization that changes in the coefficient of x change the steepness of the line.  Even if this was the only richness element present, the segment would receive a high.  Another situation in which you would score high for the overall code would be if there’s multiple elements of richness that together create a strong sense of mathematical meaning or mathematical practices. For example, if there was a segment in which the teacher linked two representations to one another and the underlying idea, briefly making a general explanation and using strong mathematical language in the process, this would be a high. There’s no sense that any of these were outstanding on their own, but together they combine to saturate the segment with meaning. You may also see a high used when there’s no meaning orientation in the clip. For instance, if the class is focusing on explicit comparison of solutions methods or procedures but without referencing to the meaning of those procedures, you could still score the segment 3. 



Overall Richness of the Mathematics
• Mid (2)
▫ Elements of richness occur, but none are carried off strongly; OR
▫ Richness is mixed – for example, some solid elements, but also 
largely student practice

• Low (1)
▫ Elements of richness are not present or are minimally present OR
▫ Elements of richness are present but incorrect

Presenter
Presentation Notes
If, by contrast, there is more limited mathematical meaning and/or practices – perhaps a combination of two or three weak elements or several solid but unspectacular elements combined with some procedural practice – the correct score to assign would be a mid.You should score a segment as low if the elements of richness are either not present or only minimally present – for example a weak explanation or brief link. You should also score low if elements of richness are present but incorrect.



Overall Richness: Examples
• Lisa: Inverse Operations
• Julia: Solving Algebraic Equations
• Wilhelmina: Polygons and Non‐Polygons

Presenter
Presentation Notes
Now that we’ve discussed the overall richness code, you will re-watch three example video clips that you’ve already seen.  For each clip, just assign a rating for the overall richness code. You can watch each clip as many times as you feel is necessary.



Lisa: Inverse Operations  
• 5th grade 
• Class was working on solving algebraic equations using 
“inverse operations” 

n – 2 = 7  n = 2 + 7
• However, in some cases this approach did not seem to work 

31 – n = 12  n = 31 + 12 

n × 2 = 14  n = 2 ÷ 14

• The teacher explains why the inverse operation approach can 
be used in some cases but not in others

Presenter
Presentation Notes
The first clip is Lisa: Inverse Operations. Take a moment to review the background information for this clip. 



Lisa: Inverse Operations: Video  

Presenter
Presentation Notes
T: We always go back to our seats because we need to talk about the two questions that came up while we-when we did this.  We had two big questions.  Thank you Ally.   T: Two problems happened when we were using inverse operation.  There was one problem and there was two problems.  Somebody tell what the two problems were.  What were the two problems?  Uh, Amber, tell me one. SN: N times two equals fourteen? T: I mean what was the problem using the inverse operations? S: Oh, division? T: We had problem with division and we had problem with what else, Cody? SN: Uh, take away. T: Subtraction.  And this is why.  When it’s N divided by two equals fourteen, when the N, the variable comes first.  We can use inverse operations and get the right answer.  This would be twenty-eight and it’s true.  Twenty-eight divided by two is fourteen.  When the variable comes in the next place, it would be, let’s say, twelve divided by N equals six.  We don’t get the right answer.  It’s because addition-uh, division and subtraction, is not commutative.  So when the variable comes second, it’s harder.  You can’t use the inverse, you have to just say, oh N equals twelve divided by six to get the answer of two.  So you-whenever division or subtraction, the variable is in the second place, you’re not gonna be able to use the inverse operation to get the answer.  Okay, everybody remember? 




How would you score this clip for:

• Overall Richness

• Take a moment to write down your score before 
moving on to our answers…

Presenter
Presentation Notes
Now that you have watched the video clip, please stop the presentation and record your thoughts and score for overall richness. 



Lisa: Inverse Operations: Answers  
• Previous richness scores:
▫ Linking and connections: 1
▫ Explanations: 1
• Overall Richness: 1
▫ Most components of richness that are present in the clip 
(explanations, maybe a developed generalization) are 
mathematically incorrect

Presenter
Presentation Notes
Recall that previously, we assigned Lisa low scores for both linking and connections and explanations. We assign a score of 1 for the overall richness in this clip. There is very little richness in the clip. In addition to the earlier low scores, no multiple procedures or solution methods are discussed. It is possible that some of the general statements made in the clip were developed from examples, but none of those general statements are correct and therefore would not be counted in the developing mathematical generalizations code. While she uses some mathematical terms well like “commutative property”, her use of “inverse” does not agree with the usual definition. All in all, most of the components of richness present in this clip are mathematically incorrect. 



Julia: Solving Algebraic Equations
• 8th grade
• Class is considering two approaches to solving algebraic 
equations 

Presenter
Presentation Notes
The next clip is Julia: Solving Algebraic Equations. Take a moment to review the background information for this clip. 



Julia: Solving Algebraic Equations: Video




How would you score this clip for:

• Overall Richness

• Take a moment to write down your score before 
moving on to our answers…

Presenter
Presentation Notes
Now that you have watched the video clip, please stop the presentation and record your thoughts and score for overall richness. 



Julia: Solving Algebraic Equations: Answers
• Previous richness scores
▫ Multiple procedures/solutions: 3
▫ Developing generalizations: 2
▫ Mathematical language: 3
• Overall Richness: 3
▫ On the strength of the truly outstanding performance in the 
multiple procedures and solution methods code

Presenter
Presentation Notes
Recall that previously, we assigned this clip a 3 for multiple procedures and solution methods, a 2 for developing mathematical generalizations, and a 3 for mathematical language.For the overall richness code, we assign this clip a score of 3. This code is easy to score for this clip. The comparison of the two procedures is clear and explicit, includes discussion of under what conditions one procedure might be more efficient than another, and dominates the clip. This truly outstanding performance in the multiple procedures code would have led to a score of 3 in the overall richness code, even if a generalization hadn’t also been present or the use of mathematical language hadn’t been quite as strong. 



Wilhelmina: Polygons and Non‐Polygons

• 6th grade class 
• Working on CMP2 Shapes and Designs
• The class is introduced to polygons. The teacher projects 
examples of polygons and non‐polygons on the overhead, and 
asks students to figure out the characteristics of a polygon to 
complete the definition: “A polygon is a group of line 
segments put together in a special way.” 
• We step into the classroom after students have been given 
some time to identify the characteristics of polygons (by 
comparing polygons and non‐polygons)

Presenter
Presentation Notes
The next clip is Wilhelmina: Polygons and Non-Polygons. Take a moment to review the setting for this clip. 



Wilhelmina: Polygons and Non‐Polygons: Video

Presenter
Presentation Notes
Wilhelmina: A polygon is a group of line segments put together in a special way.  For example some of the shapes below are polygons and some are not.  So, the first part of your definition for polygons should be this:  a polygon is a group of line segments put together in a special way.  That’s the first part.  We are going, together as a class; create the characteristics for a polygon that will help you more to understand them a little bit more.  Remember what they are, okay?  So if everybody will write down:  a polygon – please write that definition down, and it’s written right in your book on page 8 at the top.  Excuse me?  It’s in No. 3.  Okay.  So here we have a group here of polygons and a group here of non-polygons.  You have exactly 30 seconds to write as many characteristics as you can for a polygon and a non-polygon.  So what makes these two different groups?  This is one group polygons.  What makes them polygons?  What are some characteristics you can see, and what are some characteristics you can see on the non-polygons?  So we’ll even say about a minute – so go!  See if you can write down some characteristics.  So for a polygon, how would you know it’s a polygon?  And how would you know if something is a non-polygon?  They’ve got characteristics; write them down.   Wilhelmina: Okay – stop.  Okay.  Some characteristics about polygon and some characteristics about non-polygon.  Manuel? Student: [inaudible]. Wilhelmina: Okay.  So the lines always meet?  Okay.  Sarah? Student: For the nonpolygons, there are like lines that are kind of circular. Wilhelmina: So you have some – so they are circular?  They’re not straight.  Okay.  Sarah? Student: Polygons don’t intersect.  Wilhelmina: They don’t intersect.  Good job.  Okay.  Anything else?  Destiny? Student: [inaudible] Wilhelmina: Okay.  So you’re saying that polygons aren’t curved?  Okay.  So then what are they created out of?  They don’t curve.  You’re correct.  So let’s go one step; what does each one have?  What are these? Student: [inaudible]. Wilhelmina: Right.  So what is this?  What’s this right here?  They are made up of line segments, correct?  So line segments are straight.  They’re straight.  So, made up of line segments, okay?  Justin? Student: [inaudible]. Nonpolygons, they don’t connect.  Wilhelmina: They don’t connect.  Okay, they don’t connect.  What else?  Zach? Student: They…For the non-polygons, they, they never have lines or line segments. Wilhelmina: Well, think, because what is this made up of?  Line segments, correct?  And this one? Student: [inaudible]. Wilhelmina: Well, no.  The problem with this one is that it what?  What’s it doing right here?  It crosses.  But none on these sides will cross, right?  So that’s where we have this that they don’t intersect; they’ll never intersect.  Sarah? Student: [inaudible]. Wilhelmina: Okay.  There’s another thing about these; there’s something; there’s one more characteristics about these shapes versus these shapes over here.  Cassandra? Student: [inaudible].  Wilhelmina: What – it’s this one right here.  Student: That’s not a shape.  Wilhelmina: Exactly.  Why? Student: [inaudible]. Wilhelmina: Okay.  Let me circle this one; this one; this one; and this one.  What do they all have in common?  They don’t connect.  So they’re what?  They’re just left what?  They’re left open, okay?  They’re just left open.  But polygons are always what?  Closed.  So they’re always closed figures.  So a polygon will always be a closed figure.  Makes sense?  Any questions?  Write that down with polygons, ladies and gentlemen.  Those are some very good characteristics.  Because you need to remember that your polygons will never curve.  So a circle cannot be a polygon. Student: But a triangle can.  Wilhelmina: Yes, a triangle can.  It’s a closed figure, right?  So we have characteristics; we have lines always meet; they don’t intersect; made up of line segments; closed figures. [31:30-38:55] Student: So polygons are basically any shape, then?  Wilhelmina: Any shape as long as it is a closed figure; is made up of lines; straight line segment or line segments; and they don’t intersect.  So like all of these can’t be polygons. Student: So it always has to have a line segment? It can’t have, like, a line? Wilhelmina: They’re all made up of line segments.  Remember, a line goes on forever.  And for it to be a closed figure, it has to have points.




How would you score this clip for:

• Overall Richness

• Take a moment to write down your score before 
moving on to our answers…

Presenter
Presentation Notes
Now that you have watched the video clip, please stop the presentation and record your thoughts and score for overall richness. 



Wilhelmina: Polygons and Non‐Polygons: Answers

• Previous richness scores
▫ Multiple procedures/solutions: 1
▫ Developing generalizations: 2
▫ Mathematical language: 1
• Overall Richness: 2
▫ The generalization activity, while at times incomplete and 
unclear, dominates the clip and does go a long way towards 
defining a polygon 

Presenter
Presentation Notes
Previously, we assigned scores of 1 for multiple procedures or solution methods, 2 for developing mathematical generalizations, and a “high” 1 for mathematical language in this clip.We give this clip a 2 for the overall richness code. First, we must keep in mind that just because there are errors in a clip does not mean that the clip can not be rich. While the generalization that is developed (the definition of a polygon) is certainly incomplete and at times unclear, we still considered it correct for the developing mathematical generalizations code. Work on this generalization takes up most of the clip, and the definition does capture some of the mathematical essence of the definition of a polygon.  This clip clearly does not meet the criteria for a 1, that is no richness present or the elements of richness are incorrect, in that a significant amount of time is spent on the mathematical practice of developing the generalization. 



Overall Richness: More Examples
• Here are our scores for the overall richness code for the other 
videos you have watched in the two richness modules:
▫ Karen: Long Division: 3

outstanding linking
▫ Lauren: Likelihood Line: 3

good linking and explanations
▫ Bianca: Integer Subtraction: 1

procedure is confused, no elements of richness

Presenter
Presentation Notes
For more practice, we’re including our scores for the overall richness code for all of the videos in the two richness modules here. Feel free to look back at these videos to get a better sense of how to score the overall richness code.We give the Karen: Long Division clip a 3, on the strength of the outstanding linking between the long division algorithm and dealing out blocks.The Lauren: Likelihood Line clip has good and sustained linking between the number line and notions of probability, as well as some meaning-making about 100% and 50/50. Taken together, this is enough for a 3 overall.The Bianca: Integer Subtraction clip receives a 1 for overall richness, as there were no elements of richness in this confusing, procedural clip.



Overall Richness: More Examples
• Karen: Interpreting Remainders: 3

explicit language and meaning‐making
• Karen: Tourist Problem: 2

some meaning given, but mostly recitation of procedure
• Robert: Factoring: 1

little richness besides a brief /incomplete generalization

Presenter
Presentation Notes
We give the Karen: Interpreting Remainders clip a 3 for overall richness. Although this clip was very short, it was dominated by a global explanation and Karen pushing her student to be explicit with her language.The Karen: Tourist Problem clip receives a score of 2 for overall richness. Although this clip is mostly about a student reciting her procedure, the description was somewhat meaning-oriented.The Robert: Factoring clip is largely procedural. The only element of richness is a brief, incomplete generalization that comes right at the end of the clip. This is not enough to get more than a 1 for overall richness.



End of Richness Part II
Please move on to Richness Practice 
module.

Presenter
Presentation Notes
Congratulations on completing the second part of the Richness of the Mathematics module. We encourage you to look over the MQI document and review the examples here if you are confused.  When you are ready, please move on to the Richness of the Mathematics practice module. 


	Richness of the Mathematics 
	Mathematical Practices Codes
	Multiple Procedures or Solution Methods
	Slide Number 4
	Once there are Multiple �Procedures or Solution Methods: Mid or High?
	Developing Mathematical Generalizations
	Developing Mathematical Generalizations
	Now that it is a developed generalization….
	Developing Mathematical Generalizations
	Developing Mathematical Generalizations
	Mathematical Language
	Mathematical Language
	Mathematical Language
	Mathematical Language
	Mathematical Language
	Notes on Mathematical Language
	More General Notes on Richness
	Mathematical Practices: Examples �(Score for Three Codes)
	Julia: Solving Algebraic Equations
	Julia: Solving Algebraic Equations: Video
	How would you score this clip for:
	Julia: Solving Algebraic Equations: Answers
	Karen: Tourist Problem
	Karen: Tourist Problem: Video
	How would you score this clip for:
	Karen: Tourist Problem: Answers
	Robert: Factoring
	Robert: Factoring: Video
	How would you score this clip for:
	Robert: Factoring: Answers
	Wilhelmina: Polygons and Non-Polygons
	Wilhelmina: Polygons and Non-Polygons: Video
	How would you score this clip for:
	Wilhelmina: Polygons and Non-Polygons: Answers
	Overall Richness of the Mathematics
	Overall Richness of the Mathematics
	Overall Richness of the Mathematics
	Overall Richness: Examples
	Lisa: Inverse Operations  
	 
	How would you score this clip for:
	Lisa: Inverse Operations: Answers  
	Julia: Solving Algebraic Equations
	Julia: Solving Algebraic Equations: Video
	How would you score this clip for:
	Julia: Solving Algebraic Equations: Answers
	Wilhelmina: Polygons and Non-Polygons
	Wilhelmina: Polygons and Non-Polygons: Video
	How would you score this clip for:
	Wilhelmina: Polygons and Non-Polygons: Answers
	Overall Richness: More Examples
	Overall Richness: More Examples
	End of Richness Part II

